The horizontal and vertical betatron tunes of the Large Hadron Collider (LHC) mainly depend on the strength of the quadrupole magnets, but are also affected by the quadrupole component in the main dipoles. In case of systematic misalignments, the sextupole component from the main dipoles and sextupole corrector magnets also affect the tunes due to the feed down effect. During the first years of operation of the LHC, the tunes have been routinely measured and corrected through either a feedback or a feed forward system. In this paper, the evolution of the tunes during injection, ramp and flat top are reconstructed from the beam measurements and the settings of the tune feedback loop and of the feed forward corrections. This gives the obtained precision of the magnetic model of the machine with respect to quadrupole and sextupole components. Measurements at the injection plateau show an unexpected large decay whose origin is not understood. This data is discussed together with the time constants and the dependence on previous cycles. We present results of dedicated experiments that show that this effect does not originate from the decay of the main dipole component. During the ramp, the tunes drift by about 0.022. It is shown that this is related to the precision of tracking the quadrupole field in the machine and this effect is reduced to about 0.01 tune units during flat top.
Introduction
In a circular particle accelerator, particles oscillate around the nominal orbit due to the field of quadrupole magnets. The number of transverse oscillations of a particle in one revolution around the ring is defined as the betatron tune. In most colliders and storage rings this quantity has to be controlled within 10 À 3 tune units to avoid inducing beam losses due to resonances. In the LHC, this is achieved by measuring the tunes and correcting them through a feedback system that controls the tuning quadrupole families [1] . A feed forward system is also used, which takes care of all wellreproducible corrections, to ease the operation of the feedback loop.
The main aim of this work is to study the behaviour of the tunes in the LHC during the first years of operation, where it has been run at an energy of 3.5 TeV (2011) and 4 TeV (2012). Since the tunes are routinely measured, one can reconstruct the so-called bare tunes by subtracting the settings used in the correctors. Therefore, if the magnetic model were to be perfect, the bare tunes would be constant at the nominal value. The residual therefore gives the error of the quadrupole magnetic model in the LHC lattice. The final goal is to estimate the precision of the Field Model of the LHC (FiDeL) [2] [3] [4] , to assess whether improvements are possible or needed, and possibly to reduce the load on the feedback system by evaluating feed forward corrections.
Data analysis and modelling

Estimating the bare tunes
In the LHC, control of the tunes is achieved by continuously measuring them using the diode-detection-based base-band-Q detection techniques [5] and applying the necessary trims through the tuning quadrupoles (MQTD/F). The feedback system aims at having constant tunes (i.e., the tunes are "locked") as shown in Fig. 1 , with time zero referring to the instant when the main quadrupoles reach the nominal injection current.
Tuning quadrupoles MQTD/F are located close to every main quadrupole in the arc cells from Q14 to Q21 [6] , and are used to change the fractional part of the tunes up to about ΔQ¼ 7 0.1 tune units, while the main quadrupoles are kept constant in strength, and to compensate for the b 2 component in the dipoles, stemming from the two-in-one geometry. The 2D magnetic field B in the magnet aperture can be represented as:
in which z ¼ x þ iy is the complex coordinate in the transverse plane x; y ð Þ , C n are the harmonic coefficients, B n the normal harmonics, A n the skew harmonics, and R ref is the reference radius. The normalised multipoles b n and a n are then given by
The bare tunes are obtained by removing the corrections applied during the cycle based either on the measured tune values or on the feed forward trims. This requires converting the change in current in the tuning quadrupoles (ΔI D ; ΔI F ) to the equivalent change in tune (ΔQ H ; ΔQ V ) by making use of the following matrix:
in which the energy E is expressed in GeV, the current and the elements of the matrix in Ampere. The matrix A is computed by assuming the nominal cell optics in order to find the tune variation as a function of the gradient of the MQTD/F trim quadrupoles. A gradient change is then transformed to a current variation using a linear equation, where the coefficient is derived from magnetic measurements. Tuning quadrupoles are magnets whose relation current vs. gradient is highly linear, and nonlinearities due to saturation are within 1%. In the determination of the matrix A, the difference between the nominal and the actual optics might introduce an error, which can be quantified at the level of few per cent,
given the efforts devoted to the measurement and correction of the LHC optics (see, e.g., Refs. [7] [8] [9] for an overview on this topic). Such an error is considered to be perfectly suitable for standard operation as it is small enough to ensure the successful convergence of the tune feedback system. The nominal values of LHC tunes at injection are 59.28 and 63.31 for the horizontal and vertical plane, respectively. The magnetic model provides a relation between magnet current and magnetic field/gradients for the whole set of the LHC magnets. Since we are dealing with electromagnets, at first order the main component is proportional to current [10] . For this reason, the transfer function is defined as the ratio of the field (for dipoles) or gradient (for quadrupoles) w.r.t. current. The precision of the knowledge of this quantity directly affects the tune values. Therefore an error of 1% in the knowledge of the dipole transfer function gives an equivalent of 1% error in the tune, i.e. 0.59 in the horizontal plane and 0.63 in the vertical plane. In beam dynamics of hadron machines relative quantities in field quality are usually expressed in units, where 100 units ¼1%.
Decay model
All the data analysed in this paper are beam-based, i.e., obtained during the routine operation of the LHC. In Fig. 2 we show a typical behaviour of the bare tunes during the injection plateau for the horizontal and vertical plane, respectively, with time zero referring to the time when the main quadrupoles reach the injection current. Bare tunes decrease with time. This expected phenomenon is due to the decay of magnetisation in the superconducting cables of the main magnets. It can be due either to the flux creep, which is linear in the logarithm of the time [11] , or to the boundary-induced coupling currents (BICC) [12] . Flux creep was the first hypothesis considered to explain this phenomenon in the Tevatron, but it is negligible in the LHC [13] . The diffusion of the BICCs along the cable gives rise to a decay that is a sum of exponentials in time, with multiples of a single time constant τ [14] [15] [16] [17] 
and keeping the first two terms, a fit of the tune decay is obtained in the form
where v , c , d and τ are the free parameters, and one has two sets of parameters, one for the horizontal and one for the vertical tune. The free parameters physical meaning is the following: v is the initial tune, c is the asymptotic decay amplitude as constant. The black continuous line in Fig. 2 is the double exponential fit, and shows a very good agreement of this functional form with experimental data. In the four-parameter fit, we added as additional constraint to have the same time constant for the whole set of curves; this allows to reduce the number of free parameters and get a more stable fit, without increasing the fit error. The optimal time constant was found to be 1000 s. The same procedure was applied to the decay fit used for the case of chromaticity [17] .
Intensity related effects and other limitations to tune measurements
The tune measurements are affected by several sources of errors, which include linear coupling and the combination of momentum offset with chromaticity. These effects are negligible: linear coupling is corrected [18] through skew quadrupoles to reduce that strength of the coupling resonance
. With this level of coupling the error induced in the tune measurement in each plane is less than 10 À 3 . As far as the chromaticity is concerned, at injection it is trimmed to a value of few units, which combined with a maximum momentum offset of much less than 10 À 3 provides a maximum impact on the measured tune of less than 10 À 3 , hence smaller than other measurement errors.
Beside coupling and off-momentum, the other critical aspect is the beam intensity: at injection energy the tunes are changing during the filling process due to intensity-dependent effects. Such effects are discussed in detail in Ref. [20] : due to image currents, an incoherent vertical tune shift should be observed, given by
in which N b , k b , r b , γ are the bunch intensity, the number of bunches, the classical proton radius, and the relativistic gammafactor, respectively. The remaining parameters represent the average beta-function (β av ), the Laslett coefficients (ε 1 , ε 2 ) [21] and the geometrical parameters of the vacuum chamber (h, g). The corresponding tune shift in the horizontal plane has positive sign.
It is recalled that ΔQ Laslett represents the tune difference between the limiting case of a zero-intensity beam and the realistic case with beam parameters as listed in Eq. (6).
The assumptions listed in [20] , namely β av ¼85 m, injection and top energy, respectively. This is a very large effect, at least at injection energy, which would produce tune jumps during the injection process that need to be removed when reconstructing the tune decay due to magnetic effects. Nonetheless, it is worth stressing that there are a number of points to be improved in the estimate provided in Ref. [20] : (i) a non-zero orbit affects the coefficient ε 1 ; (ii) the geometry of the beam screen has been approximated; (iii) a number of crucial assumptions have been used for estimating ε 2 . Therefore, we do not think that a solid theoretical estimate is available for direct comparison with beam measurements. On the other hand, the linear scaling with the total beam intensity, and with 1=γ of ΔQ Laslett are certainly solid assumptions, independent of the detail of the physical process under consideration. Therefore, in the rest of the paper the intensitydependent effects will be highlighted only to show that they are indeed visible, but no quantitative estimate will be attempted, as a more refined analysis is required, which is outside the scope of this paper.
As an example, the tune dependence on the beam intensity can be qualitatively, but very clearly, seen in Fig. 3 , where a negative jump in the tune value at around t¼ 2000 s can be seen, corresponding to an increase in the beam intensity. Such an intensity jump of about 1. The first outcome of this analysis is that the tunes decay by À0.021 tune units with a spread of $ 0.005 tune units (parameter c in Table 1 ), for both beams and both planes. Since the transverse tunes are $ 60 tune units, this is equivalent to a decay of about 0.04%, i.e. 4 units, in the main dipole or in the main quadrupole fields. This tune change may seem small, but it is one order of magnitude larger than the required tolerance, and therefore has to be corrected through the feedback system. The decay model obtained is now incorporated as part of FiDeL, in order to further reduce the load onto the feedback system.
According to the magnetic model, the decay amplitude is proportional to the energy of the pre-cycle [17] , which means that the 2012 amplitudes should be $ 15% larger than those of 2011. In fact, our beam-based data yields decay amplitudes that are about 20% larger in 2012 compared to 2011, which is in agreement to what is expected.
It is also interesting to estimate the values obtained for the starting point. The starting horizontal tune is around 59.310 tune units and the starting vertical tune is around 64.235 tune units, with negligible differences between the 3.5 TeV and the 4 TeV runs (refer to Table 1 ). This implies that the tune at the start of injection is off by þ0.030 tune units in the horizontal plane and À 0.075 tune units in the vertical plane with respect to nominal values (59.28, 64.31 tune units). This gives an estimate of $ 0.1% of the absolute precision of the model of all accelerator quadrupole and dipole transfer functions (TF). This value, which is rather remarkable considering the chain of calibrations involved in magnetic fabrication and measurements, is in line with the design specifications [6] .
Looking for the source of decay
Possible sources of time variation of tunes are the following:
Change in the strength of the dipoles; since the tunes are proportional to the ratio of the quadrupole to the dipole strength, a 1% increase of the dipole strength causes a 1% decrease of both tunes.
Change in the strength of the quadrupoles; using the same argument, a 1% reduction of quadrupole strength produces a reduction of tune of 1% in both planes.
Systematic horizontal misalignment of sextupoles, or, alternatively, systematic orbit displacement in sextupoles; such a relative displacement between magnetic axis and beam passage induces, by feed down, a quadrupolar effect according to Eq. (7) in the x and y plane, respectively. Nevertheless, for this feed down to be time dependent, either the sextupolar field or the orbit shift should be time dependent. The latter can be ruled out, as it has not been observed. Indeed, orbits oscillations are unavoidable during the injection process. However, the transverse damper provides a strong reduction of the amplitude of those injection oscillations, which becomes practically zero after 40 turns. The first is not possible for lattice sextupoles, i.e., sextupoles close to the main dipoles, as they do not feature any field decay. The only possible source remains the sextupole spool pieces at one end of the main dipoles. A relative horizontal offset between the beam position and the magnetic axes of the sextupole spool pieces gives a focusing effect in one plane and a defocusing effect in the other plane, proportional to the offset and to the sextupole strength. Therefore, the feed down will result in a change of tunes with different signs in each plane, namely
Since both planes feature a tune decay in the same (negative) direction, with similar amplitude (see Fig. 2 ), the misalignment source is excluded. Therefore, the tunes decay can be due either to a decrease with time of the quadrupole strength, or to an increase with time of the dipoles strength, or due to both.
During the series measurements, the behaviour of the main dipoles was measured and studied thoroughly [22] . This included measurements of the dipole (b 1 ) transfer function at a current of 760 A for a duration of 1000 s to simulate a typical injection plateau during the LHC operation cycle. The main purpose of these measurements was to actually check if b 1 shows any decay during injection. An average decay of the order of 1 unit (i.e. 0.01%) with a large spread was observed in b 1 for the measured sample (about 16% of the whole production). Note that the measurements were performed with a ramp rate of 50 A/s. Due to this the decay amplitude reduces by a factor of two when using a 10 A/s ramp rate (as used during standard LHC operation) [23] . An additional reduction by a factor of two is expected from the LHC energy, which had been lowered from 7 TeV to 4 TeV. Therefore one expects a decay of the dipole main component, averaged over the LHC lattice, of the order of 0.1 units. This expectation was confirmed by beam-based measurements, where the average beam position was measured at regular intervals during the first turn in the accelerator. Any change in b 1 (such as a decay) would result in a radial shift of the beam versus time. From these measurements it was concluded that the decay of the main dipole field b 1 is of the order of 0.1 units (i.e. 0.001%) as shown in Fig. 4 . This further excludes the possibility that the source of the tune decay is the dipole magnets. The other possible source of the tune decay is the quadrupoles. The LHC has five different quadrupole types [6] , which feature field decay: one in the main arc cell (MQ), two (MQY and MQM) in the dispersion suppressor (DS) and matching section (MS), and two (MQXA and MQXB) in the interaction region (IR). All of these sources contribute to the overall tune values. Using MAD-X [26] , a software which is used to describe the lattice of magnets in particle accelerators, the beam optics were simulated and from this it was possible to extract the contribution of each quadrupole family to the horizontal and vertical tune, respectively. This is summarised in Table 2 , where, for each particular family of magnets, the change in tunes corresponding to a change of 10 units in its transfer function is given.
Magnetic measurements were performed on the MQ, MQM, MQY and MQXA/B magnets and the decay of the gradient was measured for a duration of 1000 s. From this information, weighting the measured decay with the optics functions as shown in Table 2 , it is possible to reconstruct the expected tunes decay due to all quadrupoles. Results are shown in Table 3 , giving an average total decay of À 0.0045 tune units after 1000 s. From the beam-based measurements, the decay of À0.02170.005 tune units (as t-1) is equivalent to À 0.00570.002 tune units (at t¼1000 s). Therefore, the tune decay expected from the LHC quadrupoles gradients is in agreement with the beam measurements. As soon as the current in the quadrupoles starts to ramp up, the so-called snapback [25] is observed. A detailed analysis of the snapback phenomena in tune and chromaticity for the LHC Run I is given in [26] .
Dependence on powering history
The four main parameters affecting the decay amplitude are [17] : (i) the ramp rate of the previous cycle; (ii) the flat-top (FT) current of the previous cycle; (iii) the time spent at flat top in the previous cycle t FT ; and (iv) the time spent on the pre-injection plateau t p . The ramp rate is fixed at 10 A/s. The flat-top current corresponds to 3.5 TeV energy for 2011 operations, and 4 TeV energy for 2012 operations, so data are analysed separately. The powering history scaling law relates the new decay amplitude c (t FT , t p ) to the standard operating conditions, i.e. t FT ¼10 min flattop time and t p ¼24 min preparation time, according to [17, 24] 
The physical meaning of the scaling is that for longer preparation times the decay amplitude becomes smaller, saturating with an exponential in time. The flat-top time features also an exponential dependence, saturating at large flat-top times, and the decay amplitude is larger for longer flat-top times. The expected variation given by powering history can be significant [17] , i.e. a factor of two. With respect to the original formulation given in [17] we simplified the equation showing only the independent parameters, which are the time constants τ p and τ FT and the amplitudes T 0 and P 0 . Here the physical meaning of T 0 and P 0 are given by the change of the decay for asymptotically long flat-top and preparation times
where T 0 is such that the factor in Eq. (9) is smaller than one (i.e. longer flat-top times correspond to smaller decay), and P 0 is such that the factor in Eq. (10) is larger than one (i.e. longer preparation times correspond to larger decay). During operation, the maximum time spent in collision t FT has been 12 h, and a few cases with zero time at collision, corresponding to beam loss or dump soon after the ramp, have been recorded. Preparation time varied between 30 min, which is the normal time needed for preparing the LHC to a new injection, to 4 h in case of problems.
Using the tune-decay values obtained from the beam-based measurements, the dependence of the tune decay amplitude on the powering history was investigated. Dependence on the preparation time is shown in Fig. 5 . In order to single out the preparation time effect, these data correspond to cases where the flat-top time is around 10 min. The amplitude decreases with increasing preparation times as expected. The large spread does not allow seeing the difference between flat top at 3.5 or 4 TeV. The fitting parameters for both series are P 0 ¼ À0.5 and a time constant τ p ¼5000 s. The spread is even larger for the dependence on the flat top, where we selected cases with preparation time around 24 min, and no clear pattern is visible (see Fig. 6 ). Table 3 Decay of the transfer function as observed during the magnetic measurements and the equivalent change in tunes. 
Tune behaviour during ramp
The evolution of the bare tunes during the beam acceleration from 450 GeV to 3.5/4 TeV (the so-called ramp) is shown in Fig. 7 , based on the average of 13 fills during 2011 operations and 8 fills during 2012 operations. The analysis was restricted to low intensity fills to remove the intensity dependent tune shift (see previous section). The following conclusions are drawn:
As already quoted in the section about decay, the tunes are $ 59.30, $ 64.22 at the beginning of the ramp, corresponding to an error of þ0.02 and À0.09 tune units, i.e. 0.1% absolute precision in the quadrupole transfer functions. There is a systematic difference between the 3.5 TeV and 4 TeV runs, which is visible at injection and disappears at 1 TeV.
As stated, the tunes have a component that varies with the total intensity. For a nominal bunch at injection, this variation is of 0.01 tune units. This variation is also inversely proportional to the energy, so during the ramp from injection energy to 4 TeV it scales down by a factor of nine. This additional component is clearly visible in Fig. 8 , where a high intensity fill was analysed and compared to the average behaviour based on the low intensity fills. The decrease of the component due to the high intensity beam during the ramp is due to the scaling with the inverse of the energy and not to beam losses, which are of the order of a few per cent only. The tune during squeeze and collisions remains very stable for both beams as shown in Fig. 9 , i.e. within 0.01 tune units for Beam 1 and within 0.015 tune units for Beam 2, equivalent to 0.025% absolute precision in the quadrupole transfer function.
Conclusions
The analysis of tune measurements collected during the two years of Run I of the LHC have been presented and discussed in detail.
A tune decay at injection energy of À 0.022 (for t-1) was observed in both planes, equivalent to À 0.005 at t ¼1000 s. Analysis of beam optics simulations together with beam-based measurements showed that the quadrupole strength should be the source of this decay. This was confirmed by the analysis of the available data from the magnetic measurements. In fact, when considering the tune-decay contribution of each family of quadrupole magnets, a total tune decay of À 0.0045 tune units after 1000 s was observed, accounting to 90% of the tune decay observed during beam-based measurements.
The decay with time is well fit by the double exponential function, as expected from previous works on the magnetic behaviour of LHC magnets. The fast time constant is of the order 1000 s.
When switching from 2011 operations at 3.5 TeV to 2012 operations at 4 TeV, a 20% larger decay was observed in the beam, as expected by the scaling laws of the magnetic model.
The dependence of tune variation on powering history was also analysed. The expected variations were observed for the dependence on the preparation time, albeit with a rather large spread.
From these measurements, the absolute precision of the quadrupole transfer function model is concluded to be around 0.1% (10 units) at injection, as was predicted by studies of series magnetic measurements and is reduced to 0.05% at top energy and during collisions, as it is summarised in Table 4 . An unexplained feature is a better agreement for Beam 2 with respect to Beam 1.
In this paper the topic of intensity-dependent effects on the transverse tunes has been only touched. The current status of the investigations is that these effects are indeed visible, even if a quantitative evaluation is not available, yet. The reason for this is that the tune measurement is hard to perform satisfactorily in the presence of high-intensity beams, mainly due to the presence of the transverse damper. In fact, such a device nearly suppresses the tune line from the beam frequency spectrum. Moreover, a number of assumptions in the theoretical estimate of the tune shift as a function of beam intensity should be reviewed in detail.
As from the LHC operations in 2010-2012, the tune decay component will be included in the magnetic model and implemented in the LHC control system as a feed forward correction when the machine will be back in operation in 2015. This will enable reducing the load to the beam-based feedback system, thus improving the overall performance of the correction system. 
